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COMPARISON OF REACTION TIME DISTRIBUTIONS IN 
HOMOzyGOUs AND HE'IERozyoous :PORJIATIONS. 
APPENDICES 
D. s. Robson 
Cornell University 
I. Comparison of reaction time distributions in homozygous and heterozygous 
populations. 
Figures 2 and 3 provide a numerical example illustrating the superiority 
of heterozygotes over homozygotes in terms of reaction time. The general 
validity as well as the degree of this superiority may be demonstrated by 
defining a general form of Figure 2 and then applying the theory of order sta-
tistics to obtain the probability distribution of the (discrete) random variable 
X = time required for all genes to respond to a particular re~~a­
tory system 
= time required for the last gene to respond. 
Referring to the A-system in Figure 2 we note that this system calls 
for g = 5 different genes and that f 3 = 3 of these genes possess 3 sensors and 
f 4 = 2 possess 4 sensors, f 3 + r4 = 3 + 2 = 5 = g. More generally, suppose 
that the system calls for g different genes among which there are f 1 genes 
possessing exactly one sensor, r 2 possessing exactly 2, f 3 possessing exactly 
3, and so on to the maximum number of sensors, say f genes possessing s 
s 
sensors, with f 1 + f + f + ••• + f = g but with some of the f's possibly 2 3 s 
equal to zero. 
If the ordering of sensors is random at each locus then in a homozygous 
~ -+-~- f 
., lNr•"" population the reaction(X:w~th respect to the A-system has the (cumulative) 
._/ 
probability distribution function 
F (x) ,; (1 - _J_)fx+l (1 - _g_)fx+2 (1 - .l)fx+3 ••• (1 - ·ss-x)fs • 
X x+l x+2 x+3 
This flJnction expresses the probability t11at in a randomly selected homozygote 
the A-sensor \vill occur among the first x sensor positions at every one of the 
g loci which are utilized by the A-s:rstem. The average value of X, say i-1'' is 
then given by 
which for the A-system in Figure 2 gives 
4 - 1 
?..2 1 
2 == 3 ~ . 
4 
3imilarly, for the other systems in Figure 2 we obtain: 
System ~ 
A 3 13/16 
B 3 25/48 
c 3 23/72 
D 3 13/16 
E ~ 25/48 
Total 17 1/12 
so if these five systems operate D1 series (in any order) then in the popula-
tion of homozygotes the average time re~uired for all five systems to act 
se~uentially is exactly 17 1/12 units. 
Analagous results for the heterozygous case are obtained by assuming 
that. at each locus the two sensor se~uences are independently and randomly 
ordered. The probability that the nearest A-sensor within pair will occur 
among the first x sensor posttions at eve~J one of the g different loci is 
then expressed by the cumulative distribution function 
and again the mean reaction time is expressed by 
uH = s - ~(1) - I~(2) - ••• - HX(s-1) 
Applied to the example in Figure 2 this gives: 
System ~ 
A 2.682 
B 2.817 
r< 2.614 '-' 
D 2.682 
E 2.81J: 
Total 13.615 
compared to a total of 17.083 in the homozygous case. 
The general relation !J.H < 1-l·F follows from the relation Hx(x) > Fx(x) 
for x = 1,2,3, ••• ,s-l (Rx(s) = FX(s) = l); i.e., for every x the heterozygote 
has a larger probability than the homozygote of having a reaction time less 
than x. This is demonstrated by the relation 
thus, 
f f f 
R_(x) == (1 + _L) x+l (1 + L) x+2 • • · (1 + ~) s F (x) • 
-A x+l x+2 s X ' 
s-1 ~ f f f 
= L L(l + x~l) x+l (l + x~2) x+2 ••• (l + s~x) s - l] Fx(x) > 0 
x=l 
An indication of the magnitude of this difference may be obtained by 
considering the least favorable case in which all g genes carry the maximum 
= ••. number of sensors s; i.e., f 8 = g and f 1 = r 2 
simple case the distribution functions reduce to 
= f l = 0. s- In this 
giving, for example: 
g J-i. F 1-LH 
1 1 +1 1 +! + k-1 28 2 38 2 6 
2 ?.s +1 1 -1 ~s + ! + -:J,s-3 3 2 -68 15 2 30 
3 rs + ~- b-1 ~ + l _ ..1:8-3 1 -5 35 2 15 . +I;:28 
4 ~ + l - 1s-l + -ls-3 5 2 3 30 ~+l 315 2 88 -5 -b3 + ~-7 30 
5 ~ + 1 _ __28-1 + -:-k-3 b 2 12 12 ~s + l + Bs-5 2 b3 1 -7 + ds-9 - -s 3 
Some numerical values of 1-1' and flH are shown in Table 1 and, in general, these 
means can be approximated by: 
. • [ r(g+l)r(~)J 1 . [ f/2/4] + l ~ = 1 - r(g~) s + 2 = 1 - g+3 s 2 
2 
or, for large s and g, 
IJ. - ,;. s [·8862269 1 J 
F ~ jg+.75 - g+l 
We note from Table 1 that the maximum difference occurs in a system of g = 3 
genes. 
Reverse ordering of sequences within a pair has been noted to be more 
efficient than independent ordering, and in the subpopulation of reverse hetero-
zygQtes we note that the cumulative probability distribution say flRx(x) becomes 
It 
f f f 
HIL(x) = ( 1 __ 1_) 2x+l 1 1 __ 2_) 2x+2 ••• ( 1 _ s-2x) s 
---x 2x+1 \ 2x+2 . \ s 
This distribution is virtually ident i:;a1 to a homozygous distribution defined 
on a system with half as many sensors per locus; i.e., in terms of reaction 
time with respect to any given regulatory gene, this population of reverse 
heterozygotes has the same statistical properties as a homozygous population 
with half as many sensors per locus. 
e e e • 
Table l 
Comparison bet\.reen homozygous and heterozygous mean reaction time 
~ with respect to a regulatory system controlling g genes with s sensors per gene 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 
~~ 4.00 4.50 5.00 5.50 G.oo 6.50 7.00 7.50 8.00 1 1.00** 1.50 2.00 2.50 3.00 3.50 1.00 1.25 1.56 1.88 2.20 2.53 2.86 3-19 3-52 3.8) 4.18 4.51 4.85 5.18 5-51 
2 1.00 1.75 2.44 3-13 3.80 4.47 5.14 5.81 6.48 7-15 7.82 8.49 9-15 9.82 10.49 1.00 1.44 1.90 2-37 2.83 3-30 3-77 4.23 4.70 5.17 5.63 6.10 6.57 7-03 7-50 
3 1.00 1.88 2.6~( 3-44 4.20 4.96 5-71 6.47 7.22 7 .g8 8.73 9.48 10.23 10.98 11.73 1.00 1.58 2.13 2.67 3.21 3·76 4-30 4.89 5·39 5.93 6.47 7.01 7-56 8.10 8.64 
4 1.00 1.94 2.79 3.62 4.43 5.24 6.05 6.86 7.66 8.47 9·27 10.07 10.87 11.67 12.43 1.00 1.68 2.28 2.87 3-47 4.06 4.66 5.25 5.84 6.44 7-03 7.62 8.22 8.81 9 .~t-0 
1.00 1.97 2.86 3· 73 4.58 5.4 3 6.27 7.11 7-95 8.79 9·63 10.47 11. _·:/) ............. \ 12.97 5 _l •• r:_. L.-1.00 1.76 2-39 3.02 3.65 4.28 4.91 5.54 6.18 6.81 7.44 8.07 8.70 9-33 9.96 
6 1.00 1.98 2.91 3.81 4.69 5.56 6.43 7·29 8.16 9.02 9.88 10.74 11.60 12.46 13.32 1.00 1.82 2.48 3-14 3.80 4.45 5.11 5-77 6.43 7.09 7-75 8.41 9·07 9·73 10.39 
1.00 1.99 2.94 3.86 4.76 5 I'' 6.54 7.4 3 .3.31 9-19 10.07 10.95 11.83 12.71 13-59 7 • C::) l.OC 1.87 2.55 3·23 3·91 4.59 5-27 5-95 6.64 7-32 8.00 8.70 9.36 10.04 10.73 
8 1.00 2.00 2.96 3-90 4.81 5.72 6.63 7·53 .g .4 3 9-32 10.22 11.11 12.00 12.90 13-79 1.00 1.90 2.60 3-30 4.00 4.70 5.40 6.10 6.80 7.50 8.21 8.91 9.61 10.31 11.01 
9 1.00 2.00 2.97 3-92 4.86 5-78 6.69 7.61 8.52 9.43 10.33 11.24 12.14 13.05 13.95 1.00 1.92 2.65 3·36 4.08 4.80 5.51 6.23 6.95 7.66 8.38 9.09 9.81 10.53 11.24 
10 1.00 2.00 2.98 3·94 4.89 5.82 6.75 7.67 8.59 9.51 10.1+2 11.34 12.25 13.17 14.08 1.00 L94 2.69 3-42 4.15 4.88 5.61 6.34 7-07 7.80 8.53 9.26 9-99 10.72 11.45 
11 1.00 2.00 2.99 3·96 4.91 5-85 6.79 7-72 8.65 9.58 10.50 11.42 12.35 13.27 14.19 1.00 1.96 2.72 3-47 4.21 4.95 5.69 6.43 7.17 7·91 8.66 9.40 10.14 10.88 11.62 
~~ homozygous tlp ** heterozygous f.lH 
